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Abstract

We study some issues related to the notion of generalized holonomies, providing a rigorous math-
ematical framework where we discuss early heuristic ideas from the physics literature, mainly due
to R. Gambini and his collaborators, who have tried to formulate an “extended loop representation”
of quantum gravity in Ashtekar variables. We also define a BACH (Baker—Campbell-Hausdortf)
series for the formal generalized holonomy and prove its convergence in some particular cases.
Finally, we discuss the issue of covariance of generalized holonomies, and prove the covariance for
nilpotent connections. Copyright © Elsevier Science B.V.

Subj. Class.: Quantum gravity; Differential geometry

1991 MSC: 55P35, 53C05, 53C45

Keywords: Holonomy; Loops; Ashtekar quantum gravity; Baker-Campbell-Hausdorff; Nilpotent
connections

1. Introduction

Let us begin with the following example. Consider an abelian gauge field theory (source
free electromagnetism) on a compact oriented three-dimensional manifold M, whose clas-
sical (physical) configuration space C is the space £2' M of smooth 1-forms, modulo gauge
transformations, i.e.,

C=QR'M/dC®M.
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As in the scalar field theory an important role in quantum electromagnetism will be played
by the dual of the classical configuration space, in a sense the “quantum configuration space”:

C* = (R'M/dC™®M)*.

The reason for this is the fact that there are well-defined measures in C* and all the cyclic
representations of the electromagnetic Weyl algebra can be realized in a Hilbert space:

L2(C, )

consisting of square integrable functions on C*, with respect to some quasi-invariant measure
u (see [9]).

Let us now study C*. This space is the space of DeRham 1-currents R, that vanishes on
dC*M, i.e., of closed DeRham 1-currents. Recall that we define the boundary R, of a
DeRham 1-current R, by (3R, f) = (R, df) Vf € C°*M, and that R is called closed if
oR =0.

Every (piecewise smooth) loop y defines an element of C*, i.e., a DeRham closed
l-current R, on M, by integration

Ry(A)=/A, AeC.
14

In fact, R, (df) =0.
Let us define the following equivalence relation on the space of piecewise smooth free
loops in M:

a~p & Ra=Rﬂ.

The quotient space will be denoted by H.L, and its elements will be called holonomic
loops, or briefly loops for simplicity. It follows that any (finite) R-linear combination of
loops belongs to C*. Let us denote by HLp the R-linear subspace of C*, generated by all
the R, .

Proposition 1. The space HLg is dense in C* = (821 /dC®° M)* (in the weak »-topology).

Proof. We use the following facts (see [15]):

— (i) The weak x-topology in the dual X* of a TVS X makes X* into a locally convex
TVS, whose dual (X*)* is X, i.e., every (weak-x) continuous linear functional on
X* has the form R +> Rf forsome f € X VR € X*.

— (i1) As a corollary of Hahn—Banach theorem, in a locally convex TVS X, a subspace
S is dense iff the only continuous linear functional that vanishes on § is the null
functional.

Now if F is a (weak «) continuous linear functional on X = C*, then, by (i), F takes
the form R — R, for some w € (2'M/dC®M)*. If F vanishes on HLp, then ¢ =
F(Ry,) = R, (w) = f,w Yy, which implies that v = 0. So F = 0, and by (ii), HLR is
dense in C*. O
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We call the elements of the completion ﬁZR of HLg, (abelian) generalized loops, and we
will denote them by @, f,. . . . Therefore, Proposition 1 says that DeRham closed 1-currents
are equivalent to generalized loops. Notice that along with the “distributional elements” of
the type R, the space of generalized loops contains also “smooth elements”, namely closed
2-formse:w — [, wAe.

Consider again an abelian gauge field field theory with gauge group G = U(1), so that
G = iR and let A = iw be an abelian connection 1-form. In this case we define, for a loop
vy € HL, the holonomy U, (A), of A along y, by

k

(i)
Uy(A)zeva:HZ% /w

k>1 Y

Note now that we can generalize this definition, the taking instead a loop y, a generalized
loop & in HLp, and then define a generalized holonomy Ugz(A), by

-y
Us(4) = Uglio) = = 1+ %&(w%. ()

If g(x) = e/ eU(l)y=iRisa gauge transformation, then
A =g M Ag+ g ldg=A+idf =ilw+df)
and so

U&(Ag) — ei&(w+df) —_ ei&(a))eiéz(df) — eid(w) = Uz(A)

since a(d f) = 0. So in this case we have gauge covariance (invariance) of the generalized
holonomy.

Our aim in this note is to generalize the above concepts in a non-abelian context, con-
sidering “non-abelian generalized loops” and non-abelian connection forms. More exactly,
we try to give a rigorous mathematical framework where we discuss early heuristic ideas
from the physics literature, mainly due to R. Gambini and his collaborators, who have tried
to formuiate an “extended loop representation” of quantum gravity in Ashtekar variables
(sec [2—-4,16]).

The paper is organized as foilows. In Section 2, we review the main definitions and prop-
erties of generalized loops, based on Chen integrals, as were developed in our early work
[18]. In Section 3, we define (formal) generalized holonomies along generalized loops, and
study some of its properties. We also define a BACH (Baker—Campbell-Hausdorff ) series
for the formal generalized holonomy and prove its convergence in some particular cases. Fi-
nally, in Section 4, we discuss the issue of covariance of generalized holonomies, recovering
the same results of [16], and analyzing the particular case of nilpotent connections.
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2. The group of generalized loops and its Lie algebra

Let M be a smooth real compact n-dimensional manifold. Let us define the so-called
shuffle algebra of M. Consider the real vector space £2' M of real 1-forms on M, and the
tensor algebra (over R) of 2! AM:

TR2'M) = (@9%4). (2)

r=0

For simplicity we use the notation

wl-»-w,=w1®~~®w,.€®!2]./\/i

forr > 1, and set w; - - - w, = 1, when r = 0. Now we replace the tensor multiplication in
T (2! M) by the shuffle multiplication e, defined by

W)Wy ®Wr4] * Wty = Z/wa(l) T Wo (r4s)e (3)
o

where Z:, denotes sum over all (r, s5)-shuffles, i.e., permutations ¢ of r + s letters with
ol ()< < o' (r)and o (r + D) <--- < o=l (r+3s).

(T(£2' M), o) is then an associative, graded commutative real algebra, with unity |
R C 7(£2' M), which is called the shuffle algebra of M and is denoted by Sh(M), or
simply by Sh. We endow Sh(M) with the structure of nuclear LMC topological algebra in
the way indicated in [18].

Sh has also a real Hopf algebra structure. This means (see [1; 17, Chap. XII]) that, in
addition to the above real algebra structure, we have three R-linear maps A : Sh — Sh® Sh,
called comultiplication, € :Sh — R | called counity, and J :Sh — Sh, called antipode,
defined, respectively, by the formulas

Alwi o)=Y o1 0 Wiyl oy, “
i =0
0 ifr>1,
E(a)l...a),)_{l ifr—o. 5)
Jw;- o)== w - w. (6)

which satisfy the usual Hopf algebra identities.

Now, let us fix a point p € M, and consider the based loop space LM, of piecewise
smooth loops based at p, and the so-called group of loops of the manifold M, based at p,
(LM /~, <), which is denoted by LM ,. Elements of LM, will be called simply (usual
or geometrical) loops, and we denote simply by «pB, the product @ & B of two elements
o, € LM, (see [18] for definitions and details).

Each loop y € LM, gives rise to a (continuous) linear functional X, on Sh = Sh(M),
defined in each homogeneous element, through iterated Chen integration:
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Xy(wl.‘.a)r):\/‘wl...wr

Y
=ffl(tl)fz(tz)-~-fr(tr)dt1 dep - -+ diy. (7
Ar
where A, = {(7], ..., ;) ER :0 < <--- <1, < 1}and fj(t) = wj(y (1) - p(©).

We deduce, from the properties of the interated Chen integrals, the following properties
for these linear functionals X, € Sh*:

X,(uev)=X,(w)X,(v) Vu,veSh (8)
i.e,, each X, is a multiplicative linear functional (a character) in Sh, and

XaﬂZXa*XﬂE(X(X@Xﬂ)OAs 9

Xy-1=Xqo0J (10)

Ya, f € LM,. Moreover, these X, satisfy the following differential constraints:

X, (df) =0, (11)
Xy ([dHwr o) = Xy (foDwr - wr) = f(p) - Xy(w) - o). (12)
Xy ordf) = Xy(or - w2) - f(p)— Xy(wr - wr-1(wr ), (13)

Xy(a)l ...a),',l(df)wi_i_l "'wr)
= Xy oi(foiroite o) = Xy (o1 (@i Hwier o), (14)

VieC®Mandforallwy,...,w, € 2'M.
Let us consider the algebra of functions .4, defined on the loop group LM ,, generated
by the functions F*1"®r : LM, — K defined by

Fw'mwr(y):Xy(wl“‘wr):/wl"'wr' (15
Y

We know that A, is a topological LMC algebra of separating functions of LM, which
is isomorphic to the quotient algebra Sh/J

Sh(M)/), =~ A,. (16)
Here J,, is the ideal:
J, =1, +(dC) a7n

where (dC) is the ideal generated by dC>° (M) in Sh(M) and I, is the ideal in Sh generated
by all the elements of the type

dNHwr- o = (fo)wr - or + f(p) - (w1 @), (18)
w1 odf) = (01w - f(p)+ o1 o1 (o f), (19)
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and
o1 wi—1d Wiy — w1 w1 (foi w42 @
Ffwy- - (wio) wiyr - wr, (20)
VfeC®Mandforall oy, -, w, € 2'M.

The algebra .4, admits also areal Hopf algebra structure, by defining the comultiplication
A:Ap > A, ® Ap, the counity € : A, — k and the antipode J : 4, — A, respectively,
by

P
A(le...w'_) — Z Foroi ® Fwi+]--~(ur’ (21)
i=0
0 ifr=>1
le<..wr — —_— ?
€( ) { I ifr =0, -
J(le...wr) =(_1)rFa),.-~a)1. (23)

Now consider the spectrum A, of the algebra A, consisting of all nonzero continuous
characters @ € A;‘,, or equivalently consisting of all nonzero continuous linear functionals
& : Sh — R that satisfy the two conditions

a(uev)=a(wa(v) Vvu,vc Sh, 24)
&(Jp) =0. (25)

Elements of A, are called generalized loops, based at p € M. We can define a structure
of group on A, through

axf=@®p) oA, (26)

where we have used the identification R ® R > R. More explicitly
r
G Bl w) =Y @l o) Bl o). 27)
i=0

We also define the inverse of @ € A, by a o J, ie,
&Ny w) = (=) @ o), (28)

and take €, given by (5), as the unit element.

We call the above-mentioned topological group (A,,.), the group of generalized loops
of M, based at p € M, and we denote it by me.

We have a natural embedding of LM, as a subgroup of LM p» given by the “Dirac map”
X:EMp — I:X/ip, defined by

vy X, (29)

where X, is given by (7). Since the functions F®'""“r separate “points” in LM, we see
that this is an injective embedding. So we identify LA, with its image under X, in A,
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and endow LM, with the induced topology. In this topology, a sequence (or;) converges
to @ in LM, iff lim, o F"(aty) = F"(@), Yu € ShM. .
Hereafter, we always identify a usual loop y € LM, with its image X, in LM, C Sh*.
We define the Lie algebra IM, of the group of generalized loops LM, as the subspace
of Sh* consisting of the so-called point derivations at ¢, that vanish on J p» 1.€., an element
© e Sh* belongs to I M, iff @ satisfies the two conditions
Ouev)=c)OV) + O)e(v), ‘ ’ (30
ed,) =0 3D
The Lie bracket in /M, is defined through
[©1,0:] =601 xOr — O x0O,. (32)
Note that any point derivation @, at €, satisfies
O - 0wy wrgs) =0 (33)
Vr > 1,Vs > 1, and from this we can deduce that
O wi--w)=0 VYnr=>0, (34)
where @'t = @" x @vn > 1.
Now, for each @ € IM,,, we can define exp & by
@n
eXP@EG—FZ:lW, (35)
n>

where, as always, this means that, for each w - - - w,, exp @(w - - - w,) is defined by

@l’l
expO@r o) = | e+ — | (@) (36)

n>1

if, of course, this series converges. But from (34), it follows that the series (36) is in fact a
finite sum, and so exp @ is well defined, in the above sense. Moreover, we can prove that
exp @ is a generalized loop, i.e., satisfies conditions (24) and (25).

2.1. Example

Let R: Al(M) — R be a compactly supported closed DeRham 1-current, and define an
element @g € IM,, through

0 ifr #1,

Or(w) - wy) = ’ R;) ifr=1.

Recall that @ must obey the differential constraints (11) and (12), i.e.;, @gr(df) = 0 and
Or(fw) = f({p)Or(w). This last condition implies that © g must be extremely “singular”.
One such @y is obtained for R = §,, v € T, M, the Dirac current 8, (w) = wp (v).
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Then we can compute that
exp Or(w1) = Og(w1) = R(w)),

1
exp Op(wiwy) = ER(wl)R(wz),
1
exp Or(wiwrw3) = §R(w1)R(w2)R(w3),

1
exp Or(wiwrwiwy) = ZR(wl)R(wz)R(w3)R(a)4),

and so on.
Conversely, given & € LM, we define

(__l)n—l
l g = A o~V II. /37
oga "; p, (a —e)", (37)
where (@ — )" = (@ — )" « (@ — €), Vn > 1. Since
@—e)(wy-w)=0 Vn>r=0, (38)

log & is also a well-defined element in the above sense, which moreover, belongs to M P
By the calculus of formal power series, we known that

exp(klogd) =a* Vk ez, log(expd) = 4.

Let us define, foreachr € R:

@' = exp(tlog &). (39)
Then we can easily prove that t — &' is a 1-parameter subgroup of LM p» generated by
log &, 1.e.,

~
W=, &xd =&, lim S —loga.
t—0 !

this last limit in the above (weak) sense.

3. Generalized holonomies

Note that definition (7) works equally well for I-forms A, on M, with values in an
associative algebra A (p.ex., C or any subalgebra of g/(p) = gi(p, C), the algebraof p x p
complex matrices). Of course, in this case the functions X, defined by (7), take values on
A. So, for example, if 4 C gl(p), then X, (A1A2) = [, A1Ay, with A1, Ay € 2'M® A
i.e., Ay, Ay are two matrices of usual 1-forms in AM), denotes the matrix in .4 C g/(p):

[aaz) = [aniew = [ (40)
Py Y

Y j



JN. Tavares/Journal of Geometry and Physics 26 (1998) 311-328 319

and the same for [ Aj--- A,
Xy(A1--Ax) = fy A -+ A, satisfy the same differential constraints, namely (note the
order of the products)

X, (dF) =0, (41)
X, (dFAy---A) = X, (FADAz - Ay) — F(p) - Xy (A - A). (42)
X (Ay- - ApdF) = (X, (AL A) - F(p) — Xy (A - A1 (AL F)), (43)
XAy A dF)Ajp - A) = Xy (A - Aic (FA LD Ay - Ar)

~ X, (A1 (A F)Aig . Ap) (44)

VE e C°M® Aandforall Ar,..., A, € 2'M ® A. (Note, that A - -- A, means the
product of the matrices Ay, A2, ..., A, the entries being multiplied through ®.)
In particular, if {T“},=1._. . is a basis for .4, and if

A= Zwara, w, € RUM). (45)

a=1

is an A-1-form in M, we can write, using (40):

/A:Z /a)u T,

i a Y
fAA:Z /wuwb TaT?,
14

a.b y
/AA~--A= > /a)alwuz~-war TOT®...T%, (46)
ay,..., dy Y

IEJA@ = Ay (y DI < MVt € [0, 1], Then

AA---A| = /A(tl)A(tz)---A(T,)dtldtz---dt,

4 r A,
5/||A(I|)A(tz)~--A(t,)||dzld12...d,r
A

r

<M vol(A,;) = —
r!

and so, the series

1d+/A+/AA+/AAA+--- 47)
Y Y Y
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converges in G/(p). When A = G is the Lie algebra of a Lie group G € GI(p), and
A € 21(M) ® G represents a connection 1-form, then its parallel transport (or holonomy)

U:PM— G CGlip)
is given exactly by the above chronological series of interated itegrals (see [8] for all these)

Uy(A)=[d+/A+/AA+/AAA+--~

Y

:1d+Z Z /walwaz"'war TaTe... 7%

r>04dp,..., 4 \y
—Id+Z Z Xy (Wa) Way -+ e )T T o T 48)
r>04dy,...,

Under a gauge transformation g :U{ € M — G C GI(p), we have that

A—> A8 =g 'Ag + g dg, (49)
and (see [10])

Uy (A%) = g~ (p)Uy (A)g(p). (50)
where p = y(0), and so we obtain a gauge independent loop functional, defined by

W, (A)y=TrU,(A), (51

which is usually called Wilson loop variable.

Now we would like to define generalized holonomies and generalized Wilson loop vari-
ables, through formulas similar to (48) and (51) but instead of the usual loop y = X, we
would like to put a generalized loop & € LM p (see the discussion in Section ).

Definition 1. Given a connection 1-form A € 2! (M) ® G, and a generalized loop @ €
LM, we define the formal generalized holonomy Ug(A), through the formal series

U&(A)EZ&(AAn-A)
r=0

—Id+z Z a(w‘”a)a" : 'war)TalTaz...T”r' (52)

r>0di..

where {T?} is a basis for G, and A = Za w, T

Note that the formal generalized holonomy Ug (4, given by (52), is a series in R({T%}))
the algebra of power series in the noncommutative indeterminates {79 }4=1,.._»), with co-
efficients in R.

Every element F € R{(T?)) can be written in the form F = Y _, F,, where F, is a
homogeneous form of degree r. F = 3" _, F, € R{{T“)) will be called a Lie element if
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Fp = 0 and if every F,, with r > 0, belongs to the free Lie algebra £[T¢] (with respect to
the bracket [G, H] = GH — HG) generated by (79} (4=1,....n), over R. Thus note that, in the
present context, we are interpreting {7%},=1,... » as formal noncommutative indeterminates.
By the universal property of free Lie algebras we know that there exists a unique Lie algebra
homomorphism

LIT] — G, (53)

which sends each formal noncommutative indeterminate 7¢ in the basis element 7¢ for
G (we hope that there is no danger of confusion in the use of the same symbol 7¢ in the
previous two contexts).

Recall that given a power series U = Id + S e R{(T?)), we define its logarithm,
log U € R{(T?)}), through

_1yr—1
S

r

logU = log(id +8S) = Z

r>1

(54)

Moreover, forapower series F € R{{T %)}, with zero constant term, we define its exponential
by

r

expF = Z - (55)
rz0
As usual one has the formulas
exp(log(U)) = U and log(exp(F))=F. (56)
Finally, define the symbol [791, T92, ..., T%] inductively by

(T1=1,

[T, T%,.. ., T")=[T",T%,..., T*%],T]. (&)

Proposition 2. If A € 2'(M) ® G, and @ € LM,, then F5(A) = log(Ug(4), is a Lie
element. In fact we have that

Fy(A) =) (Fa)r

r=>0
=3 > Hogd@arws, - - weITH, T, .. T%], (58)
r>0a4ap,....ar

where log & was defined in (37).

Proof. That F5(A) is a Lie element is a direct application of Theorem 3.2 in [14, p. 54],
and depends only on the fact that & : Sh — R is an algebra morphism, i.e.,

a(uev) =a(a(v) Vu,v e Sh.
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So, we see that

F;(A) =log(Uz(A))
can be written in the form

Fa(A) =) (Fa)r,

>0

where each (Fj), is homogeneous of degree r, and belongs to the free Lie algebra generated

by {T%)u=1....n, over R. We can write
(Falr = Y O@q0ay .. 00 )T+ T, (59)
ay.dy
where

O(w) - wp ®wiy - Wys) =0
Vk > 1,¥; = | (by Theorem 2.2 in [13, p. 214]).

Now substituting

Se =Y Y @(@q0uy@a g )TT TV

r>04dy.....dy

in (54) and computing, we obtain that
@(wal Wgy ** - wa,-) = (log &)(wal Way *** wu,-)-

Finally, by Dynkin—-Specht—Wever theorem (see Theorem 2.3 in [13, p. 214]), we have
that

r(Fg)r = Z (log &)(wa—lwaz e wa,)[Ta] ST T | (60)

af.....dy

We call te series Fz(A), given by (58), the BACH (Baker—Campbell-Hausdorff) series
for the formal generalized holonomy Uy (A).

When a = X, is a usual loop, we can given a sufficient condition for the convergence of
the corresponding BACH series Fy, (A) = Fy, (A), using a reasoning similiar to that used
in the classical case (see [12]). In fact consider the image in G of each term (F3), under the
homomorphism (53). Denote it by the same symbol. Consider also a multiplicative norm
Il - in G, such that ||[X, Y]|| < || X|||Y]| (this always exists (see [12])), and let

§ =max{||T%:a=1,...,n}.
Then by induction we have that
|(re, 7, ..., Tl <é".

Now we compute (log &)(wy, @q, - - - vy, ). For example, we have
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loga(w) = a(w),
log @(ww2) = G(w1w2) — $&(w))a(wr),
log &(ww2w3) = @(w1wrw3) — 3 (@)@ (@2w3) + &(wiw2)&(w3)]
+ Ja(w)a(w)alws).
log & (w)wrw3ws) = &(wiwrw3ws) — $[@(w)E (W2w30s) + & (@1w2)@ (W304)
+ &(@10203)& (@] + 3[F (@)DF(@2)& (@304)
+ @(wa(wrw3)@(ws) + a@(wyw2)a(ws)a(ws)]
— fa(@)@(@)F(@3)a (ws),
and so on. Now with @ = X, each term is given by Chen interated integration, and we have

that

r

| Xy (Wa) wa, + + - wa,)| < T (61)
where
M =max{{X,(w,)l:a=1,...,n}.
So we obtain
1 -~ i
IFD <= Y (logd) @awuy -+ wa ITOTE. .. T“"]‘
r ay.....dy
,
<> DA (62)
k=1
with (recall that n = dim G):
A=nMSj,
and
1 <1 1
po=iyly L
it i
re k_n....,jk Jite oo Jk!

where the sum Zjl
Now the term Zjl

(e — DX, and so r D, is the coefficient in ¢ of the Taylor series in t = 0 of
r
1
_ r_ l k7
PBCERY
k=1
or, what is the same, of

1
OEDDCESI

k>1

.... i is made forall j, > |,..., jx > lsuchthat j; + - -+ jiy = r.
o Viite - jk!is the coefficient in 1" of the Taylor series in r = 0 of
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We compute that
A
t
> DA = f LA,
r>1 0 !

But the series for f(r) converges Vt: |e! — 1| < 1,1i.e., Vi:t < log2, and so Zkzl D, A"
converges if A < log2. Thus, by (62), we see that the BACH sertes F,, (A) converges if

A=nM3 < log2. (63)
3.1. Examples

(i) When the connection is abelian, say A = iw, then

&
R T .
U&(lw)=1+§ Ea(a))k,
k>1

and we recover formula (1) of Section 1. The corresponding BACH formula is

D
Fi(io) =i) & ()",

k
k>1

and so is convergent if |a(w)| < I.
(i) if @ = exp Op like in the Example of Section 2.1, then

F;(A) = Z R(w)T® € G.

Gi) Ifa = X;, = exp(t log X, ), then
Fxfy (A) =1tFx, (A) € g,

if condition (63) is verified.

Proposition 3. Let A € VM) ® G. Then the set G = {Ugz(A))g of formal generalized
holonomies, it is a group. In fact

Us(AU5(A) = Uy 5(4),  [Ua(A)]™' = Usmi(4),
V&, e L7\J/1,,, where

a1 ' =1d+ ) Y (=1 @004, - 0a )THTH - T

r>0ap-ar

So the map & — Ug(A) is a homomorphism of groups LM »—> G

Proof (see also Corollary 3.3 in [14, p. 55]).
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Ua(AUz(A) = (Id + &(0a )T + ) + @(@a@a) ) T T + - -+)

x(Id + B(wa )T + -+ ) + B(@a gy ) T T® + - - )

=Id + (@(wa)) + Pl VT
+(8(wa, Way) + E(@a,) B(@ay) + B(@a, 0ay)) T4 T
+o (@04, 0g,) + @(@a)Blwa, - Wa,)
+"-+5(wa1 g NTH T

=Id + (@ * B) (e ) T + (@ * B)(wa, wa, ) T T®
+"'+(&*/§)(a)a1 e )T TY -

=U3(A). O

4. (Non)covariance of generalized holonomies

Now let g: M — G C Gl(p) be a gauge transformation and A € QI(M) ® G a
connection 1-form. g acts on A by

A AS =g 'Ag+ g ' dg.

To obtain the corresponding infinitesimal action put g(¢) = e'é, so that g(0) = Id and

d
E=— g):M—>GcCeglp)
dt 1=0
is an infinitesimal gauge transformation. Then the infinitesimal affine action on A is given
by

£ AY = A + D4, (64)

where D& = dé + A§ — EA = d& + [A, &] is the covariant derivative of £, i.e., DA€ is
a tangent vector in A to the affine space of gauge connection 1-forms.

Now let & € LM p- We want to study the change in the formal generalized holonomy
when the connection A suffers an infinitesimal gauge transformation A > A%. So we want
to compute Uz (A%), using only the differential constraints (41)—(44). However, to simplify
matters we compute the “differential” of Uy at A:

d
d(Uz)a(Daé) = —

5| Us(A+1Dag). (65)

=0

Calling B = Ds& = d& + [A, &] we have formally the following:

d
dUz)a(Daé) =

— Uz;(A+1tD
dr oz( + Af)
d
dr

=0
Us(A +1B)
=0
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d

= | Data+rBy)

IZOrZO
=a(B)+a(AB+ BA)+a(AAB + ABA+ BAA) + ---

Now using the differential constraints (41)-(44), and denoting C = [A, &], we have

a(B) =a(dé + C) = a(C),
&(AB + BA) = [&(A),£(p)] — &(C) + G(AC + CA),
G(AAB + ABA + BAA)
= [@(AA), E(p)] — @(AC + CA) + @(AAC + ACA + CAA),
G(AAAB + AABA + ABAA + BAAA)
= [@(AAA), E(p)] — G(AAC + ACA + CAA)
+&(AAAC + AACA + ACAA + CAAA),

and so on, and so formally

d(Ug)a(Dag) = Z([G(AA ﬂ) P+ Ry(a; A, §) — Ru—1(@; A, §)).

n>1

(66)

where

d
Rn(&aAE):&('— (A-}—S[A,S])")
ds |,

G(AA- - A[AE]+ AA - AJAEIA+ - +[AE]AA---A).

n—1 n—2 n—1
(67)
Consider the partial sum of the N > 1 first terms of the series (66):
Za(AA LA).E(p) |+ Rn@: A E) (68)

n=I

(weputa(AA---A) ((n—1)times) = Id forn = 1). So we see that 1fZ | 0(AA---A)
convergestoUz (A) (inG C GL(p),when N — 00), then the formal generalized holonomy
U; will be gauge covariant iff:

Nlim Ry(a; A, €) =0. (69)

Thus we obtain the same result of Schilling [16], who has also given several examples
of noncovariance of generalized holonomies.

However, if we work with nilpotent connections, i.e., those for which A" = 0 for some
r > 1, then everything works well. In fact, assume that A € 2! M ® N;, where NV, denotes
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the Lie algebra of nilpotent upper triangular (r + 1) x (r 4 1) matrices. In this case, the

series (52) for Uy is finite and so convergent. For example, if w, ..., @, € 2 "M and
0 o 0 - - 0
0 0O w 0 --- 0
A=
O 0 0 -+ 0 o
o o0 o -~ 0 0

then, for every generalized loop &, we have

— 1 &(wl) &(a)m)?_) &(a)la)za)3) &(wlwz...wr)j
0 1 a(wy) a(wrws) . a(wy )
Uz (A) = 0 0 1 (@) s awwy e wp)
00 0 0 | |

Moreover in this case condition (69) is verified, and so Uz (A) is covariant for every gener-
alized loop «&.

However, in the general case this seems not to be true, first because it seems very difficult
to give a general criterion for convergence of the series (52) for Ug, and second because
condition (69) is not always verified, even if the series (52) converges! (sce the examples
in [16]).
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